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The Anderson model of a localized magnetic center is used to study a system of interacting localized
moments in a dilute magnetic alloy. The effective interaction between centers, mediated by the conduction
electrons, causes the localized quasiparticle energies to spread and lower by an amount proportional to
n0'/2 (no being the density of centers). The proportionality factor is greater by a factor of 212 in the ferro-
magnetic state than in the paramagnetic state. Near these localized quasiparticle energies there are gaps in
the conduction-band quasiparticle spectrum, the gaps being proportional to 7,!/3. With the exception of the
immediate vicinity of these gaps, the conduction-band quasiparticle spectrum is spread and shifted by an
amount proportional to #o. These results are obtained by an equation-of-motion method that includes hole-
electron pairing of a certain type. The latter allows one the flexibility of leaving unspecified the spin orienta-
tion of the electron occupying any given single-particle orbital.

I. INTRODUCTION

IN this paper we wish to study certain properties of an
interacting system of localized moments in a dilute
magnetic alloy. We represent each localized center con-
taining a magnetic moment by the model of Anderson.*
Each center contains localized one-electron levels of
both signs of spin. The coupling between these levels
and the conduction-band states causes the former to
shift and to spread. For suitable values of the param-
eters of the model, it can also cause the spin degeneracy
of the localized levels to lift. Under such conditions, a
net localized magnetic moment forms.

A tremendous amount of theoretical effort has gone
into attempts to understand the physical consequences
of the Anderson model.2®> Most of that effort has re-
stricted itself to what is assumed to be the simplest
case, a single localized center in an otherwise perfect
crystal. A finite density of centers has been considered
by Zuckermann? in connection with the problem of
effects of paramagnetic centers on superconductivity.
A finite density was also considered by Caroli et al.® in
their treatment of electron spin resonance of dilute
magnetic alloys. In neither case, however, was inter-
action between centers considered. Interaction between
two centers was considered by Alexander and Anderson,®
and by Moriya.”

Here we wish to consider the interaction between

* Supported by the U. S. Office of Naval Research under Con-
tract No. N00014-67-A-0209-0007.
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centers in the case where 7o, the density of centers, is
small but finite. Certain results we obtain are not at all
obvious from the results of the two-center problem.
Specifically, we find that there is a lowering and an addi-
tional spreading of the localized levels by an amount
proportional to #0!/2. This occurs for both the para-
magnetic and the ferromagnetic states, but the effect
is V2 times as large in the latter case. As a consequence,
the ferromagnetic state should be thermodynamically
stable at sufficiently low temperatures. The conduction-
band quasiparticle excitation spectrum is shifted by an
amount proportional to 7o, except in the immediate
vicinity of one of the localized levels, where a gap in the
spectrum appears, this gap being proportional to 7,!/3.
Lifetime effects are greatly enhanced immediately
above each gap.

In the dilute-concentration limit, the effective inter-
action between centers is mediated by the conduction
band and is of the Ruderman-Kittel type.! We can
visualize two centers interacting by virtue of exchang-
ing an electron of arbitrary spin orientation through the
intermediary of the conduction band. The probability
amplitudes associated with electron emission from vari-
ous centers may interfere with varying degrees of co-
herence and incoherence, depending on the state of each
center at the time of emission. In this manner, the et
interaction on any one center depends on the prior
history of the states of all the other centers. The situation
is somewhat analogous to Dicke’s superradiant state,?
where gas atoms are coupled by the electromagnetic
radiation field.

Because of the importance of orientation of electron
spin in this problem, it is very convenient to introduce
the idea of pairing. Specifically, one pairs an electron
in some single-particle orbital, spin up, with a hole in
the same single-particle orbital, spin down. Acutally,
all this amounts to is leaving unspecified the orientation
of the spin of the electron occupying the single-particle
orbital. The meaning of this becomes apparent in Sec.

8 M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954).
9 R. H. Dicke, Phys. Rev. 93, 99 (1954).
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II, where we set up an operator equation-of-motion
method! for treating our problem. Similar (but not
identical) hole-electron pairing also occurs in the
problem of the hypothetical excitonic insulator.!* How-
ever, the physical consequences of the pairing in the
two cases are very different indeed.

II. EQUATIONS OF MOTION

The Hamiltonian of our system is
H=H,+H,, (2.1)
Hy=3" excroicroteo 2. ciolciotUo Y catfeircaten, (2.2)
k,o %,0 z

Hy= 3 {ViickolciotVoriCis'cra} - (2.3)

k,%,0

The one-electron energies ¢, (for the conduction band)
and ¢ (for the localized centers) are measured relative
to the Fermi level. The total Hamiltonian represents a
system of conduction-band electrons interacting with
electrons in localized s orbitals'? on impurity centers,
the index ¢ designating centers. The positive Coulomb
energy U is associated with any center containing two
opposite-spin localized electrons. We take

Vi*=V_ 4, (2.4)

so that H; is Hermitian. We later need the fact that
Vi has the form

Vii= V}ce—ik'Ri, (25)

where R; is the position of the ¢th center and V' is the
matrix element for a center located at the origin. If we
had only one center in the whole crystal, H would be
the Hamiltonian for the Anderson model! of a localized
magnetic center.

The electron creation and destruction operators obey
the usual anticommutation relations

[Cla,cl’a’T:I+ = 511'550' )

2.6
Lewscv o 1 =Lews"scr0" 1 =0. (26)

Here we are using the notation
{={k}+{i}, 2.7)

10 The method of Sec. II is a modified version of an equation-
of-motion technique, including pairing, developed by R. H.
Parmenter, Phys. Rev. B 1, 1071 (1970).

11 See, e.g., R. H. Parmenter and W. R. Henson, Phys. Rev.
(to be published).

2We choose each center to be orbitally nondegenerate for
reasons of simplicity. By a suitable replacement of the portion of
H, associated with each center, we can generalize the theory to
(2141)~fold orbitally degenerate centers. In making this replace-
ment, however, it is important to use the spherically symmetric
center Hamiltonian of Caroli ef al. (Ref. 5) rather than the one
originally suggested by Anderson (Ref. 1) for describing a
(214-1)-fold orbitally degenerate center. The lack of spherical
symmetry of the latter Hamiltonian leads to certain difficulties in
a hole-electron pairing theory.

ROBERT H. PARMENTER 1

i.e., the set of indices ! represents the sum of the indices
k plus the indices 3.
We wish to look for an operator O such that

[o,H]=hwo. (2.8)

If Eq. (2.8) is exactly satisfied, %w is necessarily real.
If 7iw is positive, O is a quasiparticle destruction operator
associated with an excited state of the system containing
one quasiparticle of energy #iw. If %w is negative, O is a
quasiparticle creation operator associated with an ex-
cited state of the system containing one quasiparticle
of energy |#iw|. If Eq. (2.8) is only approximately satis-
fied, then 7w may be complex. In this case, the signature
of the real part of 7w determines whether O is a quasi-
particle creation or destruction operator. In any case,
iy must be in either the second or the fourth quadrant
of the complex w plane to ensure that the quasiparticle
excitations are causal (i.e., decay with increasing time).
We assume that O can be written in the form

0= ai*cio, (2.9)
l,o

where the a;,* are arbitrary coefficients. If we introduce
the column vectors

an cn
A;E( ), \P;E( >, (2.10)
ay cy
then Eq. (2.9) becomes
0= AV, (2.11)
1
We have need of the general matrix notation
2
P= ), PT:(pTT)PJD’
v
(2.12)

myr g mirt mypt
M= , Mi= .
myr My mpyt gyt

An arbitrary M can be expanded in terms of the four

matrices
0 1 01
T1= < ) , ITe= ( > ,
10 -1 0

2.13
T3 = ’ T4= :
0 —1 0 1
If P and Q are two column vectors, we define

Congr1e [onan]
rs = (0 I,

Cougn ]y [pogds 218

1 + )

[P; QT]JrE<D)T’qT b Lo L).

Covartle [pngetls
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Thus Eq. (2.6) can be written
0¥y O]y =duwma,

[¥; ¥y ], =0.
We also need the notation
K@V H)y=([[¥,H]; ¥ ],), (2.16)

where the angular brackets denote a thermal average.
We assume that the only nonvanishing thermal averages
are

Nie= (Qfﬂa) ;

b= (CthCzO-

The assumption of finite &; introduces the possibility of
pairing. Here is it hole-electron pairing, as in the exci-
tonic insulator,! rather than electron-electron pairing,
as in the superconductor.’® In our problem, a finite &,
indicates only that an electron occupies orbital ! with
its spin pointing neither straight up nor straight down.

In order to solve Eq. (2.8), we need to evaluate
[V,H]. We make the approximation of linearizing
[¥,H]; i.e., we take

(Y, H]=2 KU, H)Yy.
—

(2.17)

(2.18)

We are, in effect, following the prescription of Roth.!
Substituting (2.11) and (2.18) into (2.8), taking the
anticommutator of the equation with ¥;', and making
use of (2.15), we get

SAMKQGY; H)—hobdwrs) =O0. (2.19)
l

We now make use of the specific form of the Hamil-
tonian in order to evaluate K(J,/'; H). We define

u;=5Uo(nay —na), (2.20) .
v;=eo+3Uo(nis+nst), (2.21)
A= Usb:. (222)
We obtain
K(kk'; Ho) =0 €x7s, (2.23)
K@i’ Ho) =8 { —5(A+AX)71—3(Ai— A*)iTy
Fuirstvirs), (2.24)
K(kyi; Ho) =K (i,k; Ho) =0, (2.25)
K(k)k'; Hi)=K (1,4’ ; Hi) =0, (2.26)
K(kyi; Hi) =V it (2.27)
K(ik; Hy)=Vii*74. (2.28)

Note that the thermal averages 7, and b, appear
nowhere in the K’s, and thus nowhere in (2.19). The

13 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev.
108, 1175 (1957).
4 L. M. Roth, Phys. Rev. Letters 20, 1431 (1968).
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equations of motion can now be written
AN K (1,35 Ho) —hwra} +2 AptVii=0,
v
(2.29)
At (er—hw)+2 AptVip*=0.
We can immediately eliminate the 4;"s in terms of the

A4"s, or vice versa. Thus

AMK (iyi; Ho) —howri— | Vii| 2(er— o) 74}
k

— > At 2 Vii*Vii(er— o) 14 =0, (2.30)
i P
AkT{ (Ek —hw) 1'4‘—2 ! VM| ZEK(Z,Z, Ho) - th4]_1}
— > At X ViV [K(i,i; Ho) —hwrs | 1=0.
B =k i
(2.31)

In Eq. (2.30), the term
'—‘Z { V]”I 2(6k—hw)_1T4= —Z I V]cl 2(ek—hw)_174 (232)
k k

represents a self-energy of a localized electron due to
interaction with the conduction electrons. Here we have
made use of Eq. (2.5) to show that this self-energy is the
same for all centers. Being proportional to 74, it is inde-
pendent of the spin of the electron. In Eq. (2.30), the
term

=2 Viir*Vii(er—hw) lry= —Z| Vi |2 Ri—RD)
P %

X(exr—hw) s (2.33)
represents the scattering of an electron from one local-
ized site to another, via the intermediary of the conduc-
tion band. Being proportional to 74, it is strictly po-
tential scattering. In Eq. (2.31), the term

—Z l V}”! 2EK(1,2, Ho) —ﬁw’m]—l
= —| Vil £ [K(iyi; Ho)—hwrs T (2.349)

represents the self-energy of a conduction electron due
to interaction with the centers. Since it contains terms
proportional to 71, 75, and 73, this self-energy depends
on the orientation of the spin of the conduction electron.
In Eq. (2.31), the term

=2 ViV [K(iyi; Ho) —hor ' = =Vi*Vir
X2 el DR K (445 Ho) —howra | (2.35)
represents the scattering of an electron from one Bloch

state to another, via the intermediary of the localized
sites. Since it contains terms proportional to 7, s, and
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73, the scattering depends on spin orientation and may
involve spin flip.

III. LOCALIZED QUASIPARTICLES

We look for a solution to Eq. (2.30) where one
particular vector coefficient, say A,f, is much larger
than all the others 4;'. Equation (2.30) can be supple-
mented by the equation for 4. (z/517),

AMK@G 1 Ho) —hora—2 | Vi| 2(er—hew) 174}
&

= Z Ai”TZI Vk,]2e~ik/.(Rir~R,-u)(€k,_hw)—1T4

315440 P

SANY| Vi | 2 RiRD (g — o)~y 3.1)
2

In assuming 4" much smaller than 4.f, we are making
implicit use of the fact that no, the density of localized
centers, is small. Substituting (3.1) into (2.30), we get

AMNG—P;} =0, 3.2)
where we define

Gi= K(’L,'L, Ho) - (VV‘l—hw>74 )
W=3|Vi|*(ex—he)™*
k

(3.3)

=(27r)_3/d3kl Vi|%(er—hw)™t, (3.4)
PiEZkI Vi "(ex—Heo)™ %‘. | Vi | (err — o)™

X Y Gy leite k) RimR)

i
= (2#)—6//d3kd3k,| Vi I 2[ Vi [ Yep—hw)™t

X (e —hw)™ 3 Gy leitek) Ri—R) |

/71

(3.5)

In these last two equations, we have replaced the k
sums by the equivalent integrations. From (2.24) and
(3.3), we get

Gi=—3(Ai+A*)11—3(Ai—AF)itotuirs

+ ;=W —tw)rs, (3.6)
so that
G l= { ('UZ—W —hw)2—wi2}—1{ (vi——W—~ﬁw)r4
—M173+%(A1+A1*)T1+%(A1—A,*)l‘Tz} . (37)
Here we are introducing the notation
wi= (u2+| A 212, 3.8)

At this point, and only at this point, we need to
anticipate certain results of the calculation. It turns out
that »; and w; are always independent of the index 1.
In one of the two kinds of solution, #; and A; are also
independent of 7; in the other kind of solution, #; and
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A; vary in an essentially random fashion from site to
site, subject to the constraint that w be site-independent.
The former is the ordered solution; the latter is the dis-
ordered solution. We define

Ii=(2m)s / / SR | V|| Vi | e — o)

X (e — )™t Y eiE) Ri—Ri)
il

Di={(v;—W — hw)?—w2} (v, — W — hw) 4.

(3.9)

(3.10)

I; differs from P; by the absence of Gy~ D; is that
portion of G;~! proportional to 4. For the ordered solu-
tion, we can replace G;~! by G;~! in Py, so that

P,,':Gi_lli. (3.11)

For the disordered solution, the portions of G;~! pro-
portional to 71, 75, and 73 make negligible contributions
to the sum over 7' in P;, this being because of the
random nature of #; and A;. The portion of G,~!
proportional to 74 is equal to D; so that

P;=Di;. (3.12)
We can now rewrite (3.2) as
AiG{ =0, (3.13)
where we are defining
G/=—35(A+AX)1—3(Ai—AX)ireturs
—l—ai(vi—W—hw)n, (314:)
(vi—W——hw)Z—wiZ—h
;= 5 (315)
(vi—W—hw)z—wﬁ—f—qu
and the parameter g is defined as
g=-+1 ordered state
=0  disordered state. (3.16)

In other words, G/ differs from G; only in that 74 is
replaced by a;74. The degree of order of the state mani-
fests itself only in the renormalization factor a.

In order to evaluate W, we make the usual replace-
ment

fiw — fiw+1n.,, (3.17)

where 7, is an infinitesimal having the same signature
as the real part of w. This implies that

W=w;—1iws (3.18)
will lie in either the second or the fourth quadrant of
the complex w plane, as has already been discussed.
Making use of the formal relation

111[1)1 (xkin)t=C(1/x)Fird(x), (3.19)
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where @ denotes “principal part of,” we can evaluate
(3.4). Writing

we have

Wi=(2r)"'® / B V| 2er—hor) ™, (3.21)

Wy= —%(ZW)_Z(Sgnwl)/dSk{ Vil?6(es—ten).  (3.22)

It is often a good approximation to neglect the w
dependence of W by setting w;=0 in the integrands of
Eqgs. (3.21) and (3.22).

In order to evaluate I;, we approximate the sum over
i'#1 by the equivalent integral,

> ei(k—k')-(Rw~Ri>=no/d3Rei(k—k')'R. (3.23)

i

(We are assuming a crystal of unit volume.) Note that,
having made this approximation, I;=1I is independent
of the index 7. To aid in evaluating Eq. (3.9), we intro-
duce the convergence factor

lim 3(KR)~j1(KR) =1, (3.24)

where ji is the spherical Bessel function of order 1.
The point of doing this is that

1o / d*R3(KR)™j1(KR)ei k)R

=no((rK3) ! if |k—k'|<K
=0 otherwise. (3.25)
Making use of
(er— i)™ (e — i) ™' = (s — €x) ™"
X[ (er—hw) ' — (e —fw) ], (3.26)

we can write (3.9) as
I=1lim Qn) %37 K?)! / / d*kd¥k’| Vi |2
K=0 Ik—k'I<K

X | Vir | 2(exr —er) W er— )™t (3.27)

We have
(err —ex) =2x(k/2m)[ (/2k) —p],

where x=k—Kk’, u is the cosine of the angle between »
and k, and m is the conduction-band effective mass.
Thus

I=lim (2)Ono(47K?)~! / &% | V| (e — o)1

(3.28)

X(h2k/2m)_1/ 2akde | [(x/2k) —u ] 'du. (3.29)

2195

Taking the principal part of the u integration, in the
limit of small K we get

K 1
/ 2akdk @ | [(x/2k) —u ] du
K 14 (x
=f 2mrdk ln[i-/—zi):l
0 1—(k/2k)
= 41r/ (k/2k)kdk=(2k)"'($7K?), (3.30)

so that
I=%n0(21r)‘6/d3k| V| (%% 2m) ey — )™t (3.31)
Note that (%2%2/2m)~! causes no singularity in the

integrand at k=0. Evaluating this by the same pro-
cedure used for W, we get

I=1,—1il,, (3.32)
where
Ii=3no(2m)~*® / BE| V| A(%k2/ 2m)~
X(ex—hwr)™, (3.33)
Iy=—1no(2m)~(sgnwy) / k| Vil 4(h2%k2/ 2m)
Xo(er—Hhar). (3.34)

As with W, it is often a good approximation to ignore
the w dependence of I. Note that both W and I lie in
either the first or the fourth quadrant of the complex
plane.

We return to Eq. (3.13). Corresponding to this pair
of linear equations, there is the secular equation

ai(v;i—W —hw)+u; —A;
=0, (3.35)
'~A5* ai(v,--—W——hw) —U;
which gives
a;(v;—W —#iw) £w,;=0. (3.36)

Substituting (3.36) back into (3.15), we get an equation
cubic in a7,

ait—ai = [1+(I/w?) Jai ' +[1—q(I/w?) ]=0. (3.37)

Solving for the roots in the usual fashion, expanding in
powers of (I/w;?), and keeping only the leading terms,
we get

ail=—1 (3.38)
and

o= 1Fw 31+ ) I ]2, (3:39)

The root given by (3.38) is unacceptable in that it does
not reduce to 41 in the limit as #o and I go to zero.
The two roots given by (3.39) are acceptable in this
regard. We must, however, have the sign appearing in
(3.39) be opposite to that appearing in (3.36). This en-
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sures that w lies in either the second or fourth quadrant,
as can be seen by substituting (3.39) into (3.36) and
getting!®

o=1,—Wta, w;=0;—Ww;—[3(14+q) T ]2, (3.40)

(Here we take the square root of I that lies in the same
quadrant as I.)

If we think of V' as being proportional to a coupling
constant g, then —W and —I'/2 are both proportional
to g% However, —WW is independent of 7o, whereas
~—TI'2 is proportional to n¢!/%. Finally, we note that
~[3(14-¢)I']*% is larger by a factor of VZ in the ordered
phase than it is in the disordered phase.

We introduce the notation

At =(ans*a0.*), (3.41)
the & sign being the same as that of Egs. (3.36) and
(3.40). Equation (3.13) becomes

:tw¢~u¢- A,;

(dn:t*,du:t*)< >=0. (3.42)

A* +w+u;

Solving this, we get
ai1+* =ay *= Ci_l('wi‘{"ui) s
dl$+* =—Qqp-= ‘—Ci_lAi , (34—3)

C¢E [2wi(w,~+ui)]1/2 .

Following the procedure of Ref. 10, we define the square
matrix U~! such that

At an® aay®
U“lz( )=( ) (3.44)
A; 1 an* ay*
Thus here we have
Wi+1s “+4;
U=Cf1( ) (3.45)
=A% witu;

Making a trivial change in a proof of Ref. 10, we get
na=|Urt|2fr+|Un|2f-,
L=ny=Un 20— f)+|Un|(1=1), (3.46)
bi=Un*Un f++Un*Unf-,
where
fi57f_1|w&|‘/-dw'[(w'—u’li)z”i“w&"T1
X[ +1]7,

w1y and —wsy being the real and imaginary parts, re-
spectively, of the roots wy of Eq. (3.40). Substituting

(3.47)

15 Tt should be emphasized that Eq. (3.40), having been obtained
by expanding in powers of (//ws?), is not correct when w;=0.
Under such conditions, 7w must be independent of ¢, so that the
appropriate solution of Eq. (3.36) is a;=0, or fiw=v;—W —12
Thus we see that Eq. (3.40) gives the correct answer when w;=0
if we set ¢=1 in the equation.
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(3.45) into (3.46) gives

(na+na)=(—+f+), (3.48)
(niv—na) = (wi/ws) (f-—f+), (3.49)
bi=3(Ai/wi)(f——f+) . (3.50)

Substitution of these results into Egs. (2.20)-(2.22)
gives, respectively,

wi=5Uo(us/w)(f-—f+), (3.31)
v =et+5Uo(f-+1+), (3.52)
Ai=5Uo(Ai/w) (f=—f4) - (3.53)

Note that Egs. (3.51) and (3.53) are the same equation.
This means that %; and A, are not separately determin-
able. Subject only to Eq. (3.8) being satisfied, they are
otherwise arbitrary. Of course #;, by definition, is real,
but A; may be complex. In addition, these equations
imply that w;=w and »;=v are both independent of ¢,
as was promised. They may be determined by solving
the coupled set of equations

v=eot+3Uo(f-+1+), (3.54)
w=3Uof 1), (3.55)
hoy=vdw—W —[5(1+q) I 12, (3.56)

[+ being determined from w, via Eq. (3.47). It is to be
understood that the only acceptable solutions leading
to w=0 are those for which ¢=1, as discussed in Ref.
15. ‘

It is clear that
Szi=—3h(ny—nun)=—0/Uo)u; (3.57)

is the z component of spin angular momentum on the
ith site. This suggests that we make the association

Sei—iSyi= 1/ Ug)A;. (3.58)
Thus the magnitude of the spin on any site is
S=/Uw=34(f-—f+). (3.59)

Note that this magnitude may be temperature-depen-
dent. The nonuniqueness of %, and A; indicates that the
spin of a site can be aribtrarily oriented, with this orienta-
tion being the same for all sites in the ordered phase
(g=1), and the orientation being randomly different
for different sites in the disordered pahse (¢=0). Thus
the ordered phase is ferromagnetic, the disordered phase
is paramagnetic. In the limit as #o— 0, our coupled set
of equations reduces exactly to those of Andreson' for
a single isolated impurity.

IV. CONDUCTION-BAND QUASIPARTICLES

In Sec. ITI we examined the solution of Eq. (2.30);
here we wish to do the same for Eq. (2.31). We look for
a solution where one particular coefficient, say 44, is
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much larger than all the others 4 f. Equation (2.31)
can be supplemented by the equation for 4t (k'>k),

Apt{(err —hw)Ta— | Vi |2 Z [K(i,i; Ho) —hwrs] '}

= T Awl VitV T

Kk
X[ K (1,35 Ho) —howrd*
AV AV Y &R K (4.4; Ho)—hwrs 2. (4.1)

Substituting (4.1) into (2.31), we get

AMGr—Ix} =0, 4.2)
where we define
Gr= (Ek—hw)T4*- , Vkl 2 Z Qfl, (43)
Qi=K(1,3; Ho) —hwrs=Gi+Wrs, (4.4)

Li=|Vi|2 X [ V|2 et =0 RmRiNQ ~1Gy,~10),,~1

k' #k 2,3
=(2m)73| V|2 / SR Ve 2 QG0 (4.5)

In the last line of (4.5), the double sum over 7 and ¢’
reduces to a single sum over 7, because of destructive
interference when 7'%4. To the accuracy of terms linear
in no, we can replace Gy~ in (4.5) by (e —#w) 17y,
thereby getting

Li=W|Vi[* X 02, (4.6)
where W is defined by Eq. (3.4). Since
=[lo— ) ~w* T [+h(Art85)m |
FEA—AF)irs—uirst+(0—hw) i), (4.7)
N 2(v—hw) At A,
Qi ‘*—[(v_hw)z_wz—][z( i+AF)T145( *)irs
o (v—trw) 2 +w? @8)
—UT T T4, .
[(v——hw)2—w2]2
we have
5 orim 0T
; [o—fw)—w?]  [(o—hw)'—w’]
XGA+AH71+3(A— A )ire—urs], (4.9)
5 0rim 1o (v—frw) 2+w2]l 4 2n0(v—tiw)q |
i [o—tw)*—w* ]  [(v—hw)*—w?]
X[3(A+A*) 71+ 3 (A—A%)irs—urs].  (4.10)
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Thus
1ol Vi ?
Gr—Ir= {(ék—hw)—-———
[(v—Tw)*—w?]
(v—tw) 2 +w?
— e w T4
XI:(v )+<(v—hw)2—w2> :H
_ o) V’Clzl] [—1+< 2(v—tw) W ):I
[(0—fw)?—w? ]l \(o—fiw)?—0?
X[E(A+A*) 1+ (A—A%)irs—urs].  (4.11)

Corresponding to Eq. (4.2), we have the secular
equation
(4.12)

det(Gr—11)=0,
which gives
ﬂol Vkl 2

[<v—hw>2—w23[(v_h“’) +(E‘Z%%)W}

o] V| 2w |‘ 2(v—thw) W
[(v—hw)Z—w“’]L +<(v—hw)2—w2>]' (.13)

frow=e€,—

Thus, for the disordered (¢=0) phase, we have the
doubly degenerate root

no| Vi|?

L(v—Hw)? —w?]

fw=¢,—

(v—rhw)* w2
[(v—hw)—l—( “)W . (414)
(v—tw)?—w?/
For the ordered (¢g=1) phase, we have
’I’Lol Vk{ 2 |_ w T N
fw=e€x— . (4.15)
[v—hw:l:w]l_ [v—wtw ]

In the disordered case, #w has gaps at e,=(v—w) and
ex=(+w). In the ordered case, #w; has a gap at
er=(v+w), fiw_has a gap at ¢,=(v—w). Far, in energy,
from these gaps, the shift in energy due to the finite
density of centers is proportional to #o. Close to the
gaps, the shift is proportional to #,'/%. We calculate the
size of the gaps. Consider the ordered case. Setting
€= (vw) in (4.15), we get

fw=vw—no| Vi| W3 (4.16)

in the limit of small 7. Two of the three cube roots of W
will satisfy the condition that w lie in either the second
or the fourth quadrant of the complex plane. These two
choices for /3 get the two values of #w which define
the gap. Consider the case where |W,|<<|W;|. Then
we get

hwo=vw—[no| Vi| 2| Wa| ]2

W
X[l-!—%i(sgnwx)i E:' (4.17)

1]
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for the bottom of the gap, and

fiw=vtw+1[no| Vi| 2| W1 JV3[1—V3i(sgnw;)] (4.18)

for the top. Notice that the damping is much greater
above the gap than below the gap. The real part of the
gap has the value

$0no| V|2 W4 J12.

Next consider the disordered case. Setting e, = (vw)
in (4.14), we get, in the limit of small %o,

ho=vw—[3no| Vi| W8, (4.19)

differing from (4.16) only by a factor of 2-!/3, Thus
here the real part of the gap has the value

3ol Vi W,
We introduce the notation

Ars"=(ams*a0.*), (4.20)

the &= sign being the same as that of Eqgs. (4.13) and
(4.15). Equation (4.2) becomes

+w—u A
(akfﬂ:*ﬂkl:h*)(

)=0. (4.21)
A* +wtu

Note that (4.21) has a form identical to that of (3.42).
This means that we can go through the same kind of
analysis developed in Sec. ITI, and will eventually get

(s tnat) = (Fr—t frs) (4.22)
(i —nxr) = (/) (fr—— frr) (4.23)

where fry is obtained by substituting Eq. (4.13) into
Eq. (3.47). For the disordered case, fi. is independent
of &4, so that #x, is independent of ¢, as it should be.
For the ordered case, it is convenient to assume the
localized magnetic moments are all parallel to the z

PARMENTER 1

axis, so that A=0 and #=w. Now Eq. (4.23) becomes

(s —nit) = (fr——fr+) , (4.24)
while Eq. (3.49) becomes
(nav—ni)=(f——f1). (4.25)

Note that the signature of (174 —#n+) is the same as that
of (wi+—wi), this being true of both the localized
centers and of the conduction band. From Eq. (3.56),
we see that this signature is always positive for the
centers. From Eq. (4.15), on the other hand, we see
that (wi+—wi—) for the conduction band will be nega-
tive when w,. both lie between the two gaps already dis-
cussed. When w, lie above or below both gaps, the
signature is positive. As was pointed out by Anderson,*
the optimum conditions for maximizing the size of the
moment of a center are that (v—w) be below the Fermi
level, (v+w) be above. Under such conditions, (nx —nit)
will be negative for & at or near the Fermi surface. But
these are the only % for which the difference (fr—— fit)
can be appreciable in magnitude. Thus the net conduc-
tion-band magnetic moment will oppose that of the
centers; i.e., the conduction electrons respond antiferro-
magnetically to the localized moments of the centers.!6

With regard to concentration dependence, the quasi-
particle energies of the conduction band vary more
slowly with 7o than do the quasiparticle energies of the
centers, the former varying as no, the latter as n,!/2.
(We are ignoring the immediate vicinity of the gaps in
the conduction band.) Therefore, in the low-density
limit, the internal energy of the complete system should
be lower for the ordered (ferromagnetic) state than for
the disordered (paramagnetic) state, since the quasi-
particle energies of the centers favor the former over
the latter. We do not attempt, in this paper, a calcula-
tion of the 7o dependence of the associated Curie
temperature.

16 J. R. Schrieffer and P. A. Wolff, Phys. Rev. 149, 491 (1966).



